Abstract : This paper proposes a decentralized trajectory planning method by which vehicles stay connected and avoid collisions within a vehicle team by communicating through a multi-hop ad hoc wireless network. In order to maintain network connectivity, vehicles need to move carefully because of the limited wireless range. However, a vehicle formation often needs to make drastic changes, which risk breaking the network connectivity. On the other hand, vehicles may crash into each other if they stay too close in fear of breaking the network. The proposed method can fix this problem because it is based on a constraint of optimal control. Although the method plans discrete via-points, it guarantees continuous network connectivity and collision avoidance. The author presents the theoretical properties analyzed in this study and the computer simulation performed to validate the proposed method.
Introduction
A multi-vehicle system consists of vehicle teams acting as autonomous agents. It is under active study for a wide range of cooperative applications such as planetary exploration, rescue robot teams, and cooperative carrying. Formation control is a fundamental cooperative task that is under particular focus and has shown successful results [1] .
In a multi-vehicle system, each vehicle can often only communicate with neighboring vehicles in a multi-hop ad hoc wireless network [2] . Information may fail to be sent to the overall network if some nodes or links are broken or disconnected. Moreover, the communication range of wireless communication is limited by radio power and interference; thus, the networks connectivity is an important concern for multi-vehicle system control.
One difficulty of the distributed control problem considering network connectivity is that it cannot easily be divided into subproblems for individual vehicles because the network structure is a property of the whole multi-vehicle system. The major concern in studies such as [3] - [5] was maintaining connectivity. Zavlanos et al. proposed a distributed algorithm that calculates which link has no effect on network connectivity [3] . Their method enables autonomous distributed control to maintain network connectivity; however, they could not guarantee that the vehicles reach their objective positions or formation. On the other hand, studies like [6] - [8] developed control methods by which the vehicles move toward an objective formation while maintaining connectivity. Meng et al. proposed a distributed formation control algorithm that ensures vehicles get to the objective formation but ignored collision [7] . In their method, all vehicles rendezvous once; the network is switched from a complete graph to the required structure, and the vehi-Section 5 concludes the paper and remark on future works.
Formulation
This study considered the following problem of a multivehicle system.
System Formulation
The author considered N vehicles that move in twodimensional space for simplicity; three-dimensional vehicles can be discussed in a similar manner. We define the dynamics of vehicle i aṡ 
T (note that this form is like Fig. 4 defined in Section 4 but not limited to it). We can also treat a state that includes velocities (dynamic models) as in
T . Because many kinds of vehicle can be controlled to move nearby even if they are non-holonomic systems, the authors assumed that vehicle i can move from any p i (t) to any p i (t + Δt) such that p i (t + Δt) − p i (t) ≤ X max with the given bound X max > 0 and sampling time Δt > 0. Here we also define all vehicle po-
T for later discussion. The network structure between the vehicles is defined as a simple graph and is described by an adjacency matrix Ad j(t) whose (i, j) element ad j i j (t) is equal to 1 if a communication link exists between vehicle i and j, is equal to 0 otherwise. In addition, the authors define the communication range r. Vehicle i and j are connected by a link when the distance between them is less than r:
Problem Formulation
The objective of this study was to plan a set of via-pointŝ p i (kΔt), k = 0, 1, 2, · · · through which each vehicle can reach its destination p d i while remaining connected with the network and avoiding any collision. We define these constraints in this subsection. In order to make the network robust against any communication link failure, we considere edge connectivity, which is the number of edges that can be removed from the network while maintaining network connectivity. From [18] , [19] , the edge connectivity e(Ad j) of the network Ad j which is a non-complete graph, satisfies
where λ 2 (L) denotes the second smallest eigenvalue of the matrix L (i.e., algebraic connectivity), and Lap(Ad j) denotes a Laplacian matrix defined as
where lap i j denotes the (i, j) element of Lap. Thus, the condition that the network Ad j(t) is k E -edge-connected is described by 
The collision between two vehicles is considered to be a state where the two are too close, and the avoidance condition is defined as
where
i denotes a radius of the body of vehicle i. From the above, our objective is given by the below problem.
Problem 1.
For all vehicle i and for all time step t = kΔt, find a via-point sequence {p i (kΔt)} through which vehicles can get to destination p d i with satisfying the network connectivity condition (5) and the collision avoidance condition (6).
Whether or not the vehicles satisfy these conditions (5) and (6) for all time steps t not only depends on the via-point sequences {p i (kΔt)} but also on the tracking control input u i (t). This is discussed in the next section.
One solution to the problem is to change the network from an initial structure to a goal structure via a complete graph structure, as proposed in [7] . However, this method may be unavailable if the communication range r is too small, the vehicle body d i is too large, or the number of vehicles N is too large. The vehicles may reach the objective formation without going through a complete graph in many cases, and our proposed method does not require the vehicles to form a complete graph.
Planning Method
This section proposes and describes the planning method to find via-pointsp i (kΔt) that satisfy the above constraints.
The main concept is to update via-pointp i (kΔt) in order of some sequence of vehicle numbers {seq(k)}. Here, seq(k) is an arbitrary function where Z ≥0 → {1, 2, . . . , N}, and {seq(k)} = {seq(0), seq (1), . . .} denotes an infinite sequence where the kth element is seq(k). According to this sequence of vehicle numbers {seq(k)}, vehicle seq(k) updates its via-point at time step k. For example, at time t = 2Δt, if seq(2) = 3 then the vehicle 3 updates its via-pointsp 3 (3Δt),p 3 (4Δt), · · · (see Fig. 1 ). We assume that there exists a finite time k i > k such that seq(k i ) = i for any finite time k and vehicle number i. The proposed method is outlined as follows:
The via-point sequence {p i (lΔt)} is updated aŝ
where x * i (l) is the optimal solution of the optimization problem, which is defined below.
network connectivity condition
collision avoidance condition
This problem is solved by vehicle i. The non i-indexed parameters x j (k), j i and ad j mn , m i, n i are not the variables of this optimization problem but optimal solutions that have been solved by other vehicles previously (Fig. 2) . Noni-indexed parameters ad j mn in (13) do not need to be received from the network because they can be computed by x j .
Under the connectivity conditions (12) and (13), the variables ad j i j are not time series: this means that link (i, j) is kept until seq(k) = i or seq(k) = j. The reason is to reduce the number of binary variables, which critically affects the computational time to solve the optimization problem. Therefore, in terms of the network structure, vehicle i only decides on whether to maintain the communication link ad j i j or to disconnect in the optimization problem. Vehicle i has to consider the distances to its neighborhoods in (12) and (13), so it is decentralized from this perspective. On the other hand, the collision avoidance condition (14) needs to be considered for all vehicles. If there is no danger of collision to all non-neighbor vehicles, this method becomes more decentralized; this topic will be the subject of future work.
Under the collision avoidance condition (14) , the Euclidean norm of (6) is replaced with the infinity norm. Thus, (14) can be rewritten as
where M is an arbitrary sufficiently large number and bin c i j denotes an auxiliary 0-1 variable [11] . Therefore, the optimization problem can be regarded as a mixed integer convex problem whose variables are x i (k), ad j i j (k), bin c i j (k), and can be solved by the branch-and-bound method [14] .
Discussion
The proposed method is based on RHC; therefore, each vehicle cannot update its via-points when the optimization problem does not have a feasible solution. The feasibility of our method is proved in the same manner as other RHC methods [10] . Assumption 1. At time t = 0, the multi-vehicle system satisfies
respectively.
Proposition 1.
Suppose Assumption 1 and the vehicles strictly follow the planned via-points. Then, the optimization problem (Problem 2) has a feasible solution for all updated time steps t = kΔt.
Proof. At time step k, the authors assume that the via-point sequences {x i (l); ∀ l > k}, ∀ i satisfy the conditions. Then, at k + 1, if vehicle i = seq(k + 1) does not update x i (l), the via-point sequences {x i (l); ∀ l > k + 1}, ∀ i satisfy the conditions. This implies that the optimization problem at time step k + 1 has a feasible solution. From assumption 1, the optimization problem of the first updated vehicle j = seq(0) has the feasible solution {x j (l) = p j (0); ∀ l > 0} at time step k = 0; therefore, the optimization problem has a feasible solution for all time steps k ≥ 0.
Note that the feasibility of the optimization problem for all time steps k ≥ 0 depend on whether the via-points satisfy (13) and (14); then, the vehicles maintain connectivity and avoid any collision at time t = kΔt while strictly tracking via-point p i . In [17] , the authors discussed the feasibility for vehicles with a bounded tracking error.
Next we consider the constraints at the time interval t ∈ (kΔt, (k +1)Δt). Because the network preservation set C(Ad j) = { p | p i − p j ≤ r, s.t. ad j i j = 1} is convex [16] , the network is k E -edge-connected ( Fig. 3 (a) ) if the vehicles track the segment from p(kΔt) to p((k + 1)Δt). The collision avoidance set
∀ i, j} is not convex, but the properties are similar when the following transition rule proposed by Kon et al. [13] is adopted;
where aux c i j denotes an auxiliary 0-1 variable. This rule was designed for collision avoidance between predicted time steps and implies that the via-point pairp i (k) andp i (k + 1) is contained in the same non-collision subset which is convex (Fig. 3 (b) ). The next proposition is summarized below.
Proposition 2. Suppose the optimization problem (Problem 2)
with the constraint (18) has a feasible solution for all update time steps t = kΔt, and suppose that the vehicles strictly follow the line segment trajectory fromp(kΔt) top((k + 1)Δt). Then the vehicles satisfy the network connectivity condition (5) and collision avoidance condition (6) for all time steps t.
Proof. From the convexity, the points p 1] are also contained in the constraint set in which the vehicles satisfy the network connectivity condition (5) and collision avoidance condition (6).
The time complexity of the optimization problem is approximately O(2 6NK ) because of the number of auxiliary variables ad j i j , bin i j and aux i j : (N − 1) + 6(N − 1)K. Therefore, it may take time to update the via-points if the number of vehicles N increases. However, this is less than O(2 3.5N 2 K ); this is the time complexity of the problem when the authors apply the centralized RHC approach [10] , where the number of auxiliary variables becomes 3.5N(N − 1)K.
The amount of communication data from vehicle
at most because the data set that needs to be sent is given by
In this example, vehicle 1 sends the data to vehicle N at time step k. This is less than O((N − 1)K) of the centralized RHC approach, which requires all of the vehicles' current positions to be collected and the updated via-points to be delivered to all vehicles. On the other hand, setting K smaller than N may cause some vehicles to stay motionless until their update turn. Moreover, K may be related to the stability of the closed loop system. The solution of Problem 2 may not be a pathway toward the objective position if K is too small. Actually, [12] required K to be large enough to get to the neighborhood of the objective position. In terms of K, there seems to be a trade-off between the control performance and computation time.
Computer Simulation
This section demonstrates the method through a computer simulation. The author simulated the method using MAT-LAB on a computer with a 3.20 GHz Intel Core i5 CPU and 4.00 GB RAM. The optimization problems (mixed integer programming problem) were solved by a branch-and-bound method implemented by referring to [14] . To solve the relaxed problem faster, the authors approximated quadratic constraints Ax + b ≤ c by octagonal ones like Ax + b 1 ≤ √ 2c cos π/8 and Ax + b ∞ ≤ c cos π/8, and solved the relaxed problems (quadratic programming problem) with CVXGEN [20] .
The dynamics of a vehicle with two wheels, as described in Fig. 4 , is defined as
where θ i denotes the orientation of vehicle i, h > 0 denotes the distance between the center of the vehicle body and the center of the two wheels, and the control inputs u v i , u w i denote the translational and angular velocities, respectively. Moreover, the control input is assumed to be
in order to linearize (20) aṡ
Note that the vehicle dynamics (22) satisfies the assumption of proposition 2 because 
The following two cases were simulated (1) the under bound of edge-connectivity as k E = 1 and (2) set to a more robust k E = 2. In both cases, the vehicles moved from the initial positions (Fig. 5) to the objective positions (Fig. 5) . It was shown that the vehicles maintained connectivity and avoided any collisions with other vehicles at all times in both simulations. The other parameters in the simulations were set as follows: the number of vehicles N = 6, the communication range r = 10 m, the radius of the vehicle body d i = 1 m, the distance between the center of the vehicle body and the center of the two wheels h = 0.1 m, the sampling time Δt = 1 s, the sequence of decision-making {seq(k)} = {1, 2, 3, 4, 5, 6, 1, 2, · · · }, the predictive length of the optimal problem K = 8, the weight matrices of the objective function of the optimization problem Q = I, R = I, Q f = 100I, the maximal moving distance per one step
Figures 6-10 show the simulation results. Figure 6 shows snapshots the positions and orientations of vehicles within the network structure for simulation 1. Figure 7 (a) shows the algebraic and edge connectivity of the network Ad j(t), and Fig. 7 (b) shows the minimum distance between vehicles at each time step. Based on the results, the vehicles kept the network 1-edge-connected and avoided collision (the minimum distance of the vehicles remained more than d i j = 2) at each time step, even when vehicles moved between via-points. Figures 9 and  10 show the results of simulation 2. The most distinctive result was that the vehicles kept the network 2-edge-connected, as shown in Fig. 9 (d) , in contrast to Fig. 6 (d) . Although the minimum distance between the vehicles in simulation 2 was less than that in simulation 1 in order to keep the edge connectivity greater than or equal to 2, it remained more than d i j = 2. In addition, the vehicles did not form a complete graph (edgeconnectivity would be 5 if they formed a complete graph) in contrast to the method proposed in [7] . Tables 1 and 2 show the computational time to solve the optimization problem. Almost all of the computations were solved within 1 s. The computation took more than 1 s when the vehicles were heavily-crowded. 
Conclusion
This paper proposed a decentralized trajectory planning method for a multi-vehicle system that considers multi-hop network connectivity and collision avoidance between vehicles. The authors examined conditions to ensure continuous connectivity and collision avoidance between vehicles even though our planning method is based on discrete-time RHC. The edge connectivity was used to indicate network robustness and demonstrated the validity of our method through computer simulations.
Future Works
The author has not studied conditions for convergence to objective positions using the proposed method. The convergence where only the collision avoidance constraint is considered was studied in [12] . In that study, Fukushima et al. analyzed the convergence based on a terminal constraint or cost. The authors considered only the network connectivity constraint in [16] . In that study, the authors analyzed the convergence based on the convexity of some set because the terminal constraint was infeasible in many cases that the authors considered. Therefore, the convergence analysis of a case considering network connectivity and collision avoidance simultaneously may not be easy. In order to do so, the author intends to design a method to determine some intermediate formations that the authors can treat as a feasible terminal constraint.
